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THE SUPPORT OF CLOSED ORBIT RELATIVE MATRIX
COEFFICIENTS
JERROD MANFORD SMITH
Abstract. Let F be a nonarchimedean local field with odd residual
characteristic and let G be the F -points of a connected reductive group
defined over F . Let θ be an F -involution of G. Let H be the subgroup
of θ-fixed points in G. Let χ be a quasi-character of H. A smooth
complex representation (pi, V ) of G is (H,χ)-distinguished if there ex-
ists a nonzero element λ in HomH(pi, χ). We generalize a construction
of descended invariant linear forms on Jacquet modules first carried out
independently by Kato and Takano (2008), and Lagier (2008) to the set-
ting of (H,χ)-distinction. We follow the methods of Kato and Takano,
providing a new proof of similar results of Delorme (2010). Moreover,
we give an (H,χ)-analogue of Kato and Takano’s relative version of the
Jacquet Subrepresentation Theorem. In the case that χ is unramified,
pi is parabolically induced from a θ-stable parabolic subgroup of G, and
λ arises via the closed orbit in Q\G/H, we study the (non)vanishing of
the descended forms via the support of λ-relative matrix coefficients.
1. Introduction
Let F be a nonarchimedean local field with odd residual characteristic.
Let G be the F -points of a connected reductive group G defined over F .
Let θ be an F -rational involution of G and let H = Gθ(F ) be the group of
F -points of the θ-fixed subgroup of G. We are interested in the harmonic
analysis on the symmetric space G/H.
Let χ be a quasi-character of H. A smooth complex representation
(pi, V ) of G is (H,χ)-distinguished if there exists a nonzero element λ in
HomH(pi, χ). If χ is the trivial character of H, then we say that (pi, V ) is
H-distinguished. By Frobenius Reciprocity, a representation (pi, V ) of G is
(H,χ)-distinguished if and only if there is a nonzero intertwining operator
from pi to the (smooth) induced representation IndGH χ. Thus, it is pre-
cisely the (H,χ)-distinguished representations of G that may be realized in
the space of smooth C-valued functions on G that are χ-eigenfunctions for
the action of H. Assume that (pi, V ) is H-distinguished. The intertwining
operator from (pi, V ) to IndGH χ takes a vector v ∈ V to a relative matrix
coefficient ϕλ,v associated to the linear functional λ. In the case that χ is
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2 J. M. SMITH
trivial, the H-distinguished representations of G are exactly those that may
be realized in the space C∞(G/H) of smooth functions on G/H. In this way,
the study of distinguished representations arises naturally from questions in
the harmonic analysis on G/H.
For the moment, assume that χ is trivial. Independently, Kato and
Takano [KT08] and Lagier [Lag08] studied the asymptotic properties of rel-
ative matrix coefficients via Jacquet modules. In particular, given a nonzero
element λ ∈ HomH(pi, 1) Kato–Takano, and Lagier constructed a canonical
linear functional λN ∈ HomMθ(piN , 1), associated to λ, for any θ-split para-
bolic subgroup P of G with θ-stable Levi factor M = P ∩ θ(P ). Recall that
a parabolic subgroup P of G is θ-split if and only if θ(P ) is opposite to P .
Here we denote by (piN , VN ) the normalized Jacquet module of pi along P ,
where N is the unipotent radical of P . In addition, Kato and Takano proved
a generalization of Jacquet’s Subrepresentation Theorem [KT08, Theorem
7.1] (see Theorem 2.1.5). Kato and Takano continued their study of rel-
ative matrix coefficients in [KT10], where they proved a generalization of
Casselman’s criterion for square integrability.
The results of Lagier [Lag08] were extended to the case that χ is non-
trivial by Delorme [Del10] via methods similar to Lagier’s. Let (pi, V ) be
a smooth (H,χ)-distinguished representation of G, and let P = MN be
a θ-split parabolic subgroup of G with unipotent radical N and θ-stable
Levi M . Given a nonzero λ ∈ HomH(pi, χ) Delorme canonically associates
a linear functional λN,χ in the space HomMθ(piN , χ|Mθ). Using the lin-
ear functional λN,χ Delorme studies the “constant term” of smooth (H,χ)-
spherical functions on G [Del10]. In Section 2.1, after recalling the results
of [KT08, Lag08], we give an alternate proof of Delorme’s construction of
λN,χ for admissible (H,χ)-distinguished representations of G via the meth-
ods of Kato and Takano [KT08]. We study (H,χ)-relatively supercuspidal
representations, whose relative matrix coefficients are compactly supported
in the appropriate sense, in terms of non-vanishing of the linear functionals
λN,χ (see Theorem 2.3.1). In addition, we extend the relative subrepresen-
tation theorem [KT08, Theorem 7.1] to the case of (H,χ)-distinction (see
Theorem 2.4.2).
In Section 3, under the assumption that χ is unramified, we study the
descended linear functionals on certain (H,χ)-distinguished representations
induced from θ-stable parabolic subgroups. Let Q = LU be a θ-stable
parabolic subgroup of G with θ-stable Levi factor L and unipotent radical
U . Let (ρ, Vρ) be an irreducible representation of L and assume that λ ∈
HomLθ(δ
1/2
Q ρ, δQθχ|Lθ) is nonzero. Let ιGQρ be the normalized parabolically
induced representation of G obtained from (ρ, Vρ). It is well known (see
Lemma 1.3.4) that one may construct a nonzero linear functional λG ∈
Hom(ιGQρ, χ) from λ via the Mackey theory for Q\G/H. We provide a
necessary condition for ιGQρ to be (H,χ, λ
G)-relatively supercuspidal (see
Definition 1.3.2(1)). The main result of Section 3 is the following theorem.
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Theorem (Theorem 3.1.1). Let χ be an unramified quasi-character of H.
Let Q = LU be a θ-stable parabolic subgroup of G with θ-stable Levi sub-
group L and unipotent radical U . Let ρ be an irreducible representation of
L and assume that δ
1/2
Q ρ is (L
θ, δQθχ|Lθ)-distinguished. Let pi = ιGQρ. Let
λ ∈ HomLθ(δ1/2Q ρ, δQθχ|Lθ) be nonzero and construct λG ∈ HomH(pi, χ) via
Lemma 1.3.4. If pi is (H,χ, λG)-relatively supercuspidal, then δ
1/2
Q ρ must be
(Lθ, δQθχ|Lθ , λ)-relatively supercuspidal.
Of particular interest is the case that χ is trivial; we sate this special case
of Theorem 3.1.1 below as Theorem 3.1.3.
Remark 1.0.1 (The open orbit). It is natural to ask about non-vanishing of
the invariant forms λ′N,χ where P = MN is a θ-split parabolic subgroup, ρ
is M θ-distinguished, and λ′ ∈ HomH(ιGP ρ, χ) arises from the open orbit in
P\G/H (such linear functionals were constructed and studied in [BD08]).
This question has been addressed by Carmona and Delorme in [CD14] and
we refer the reader to their account.
Remark 1.0.2. Many of the results of Sections 2.2 and 2.3 (in particular,
Proposition 2.2.3 and Theorem 2.3.1) were obtained previously by P. De-
lorme [Del10] via the methods of Lagier [Lag08]. Our proofs of these results
employ the methods of Kato and Takano [KT08]. Independently, S. Takeda
has obtained similar results also via the methods of Kato and Takano.1
Theorem 3.1.1 is new and greatly improves upon [Smi17, Proposition 6.1.3].
1.1. Local fields. Let F be a nonarchimedean local field with odd residual
characteristic. We allow F to have positive characteristic. Let OF be the
ring of integers of F and fix a uniformizer $ of F . Let q be the cardinality
of the residue field kF of F . Let | · |F denote the normalized absolute value
on F such that |$|F = q−1. We reserve | · | for the usual absolute value on
C.
1.2. Reductive groups and symmetric spaces. Let G be a connected
reductive group defined over F . Let θ be an F -involution of G. Let H = Gθ
be the subgroup of θ-fixed points in G. Write G = G(F ) for the group of
F -points of G; similarly, H = H(F ). The quotient G/H is a symmetric
space.
Remark 1.2.1. We will routinely abuse notation and identify an algebraic
group with its group of F -points. When the distinction is to be made, we
will use boldface for the algebraic group and regular typeface for the group
of F -points.
If X is a subset of a group G, then let NG(X) denote the normalizer of
X in G and let CG(X) denote the centralizer of X in G. Given g ∈ G, we
1Takeda’s results were announced during the summer of 2018.
4 J. M. SMITH
write Int g for the inner automorphism of G given by Int g(x) = gxg−1, for
all x ∈ G.
For an F -torus A ⊂ G, let A1 be the subgroup A(OF ) of OF -points of
A = A(F ). Let X∗(A) be the group of F -rational characters of A.
1.2.1. Tori and root systems relative to involutions. An element g ∈ G is
θ-split if θ(g) = g−1. An F -torus S contained in G is (θ, F )-split if S is
F -split and every element of S is θ-split.
Let S0 be a maximal (θ, F )-split torus of G. Let A0 be a θ-stable maximal
F -split torus of G that contains S0 [HW93, Lemma 4.5(iii)]. Let Φ0 =
Φ(G,A0) be the root system of G with respect to A0. Let W0 = W (G,A0) =
NG(A0)/CG(A0) be the Weyl group of G with respect to A0.
The torus A0 is θ-stable, so there is an action of θ on the F -rational
characters X∗(A0); moreover, Φ0 is a θ-stable subset of X∗(A0). Recall that
a base of Φ0 determines a choice of positive roots.
Definition 1.2.2. A base ∆0 of Φ0 is called a θ-base if for every positive
root α ∈ Φ+0 such that θ(α) 6= α we have that θ(α) ∈ Φ−0 .
Let r : X∗(A0)→ X∗(S0) be the surjective map defined by restriction of
(F -rational) characters. Let ∆0 be a θ-base of Φ0. Define Φ0 = r(Φ0) \ {0}
and ∆0 = r(∆0)\{0}. The set Φ0 coincides with Φ0(G,S0) and is referred to
the as the restricted root system of G/H [HW93, Proposition 5.9]. The set
∆0 is a base of the root system Φ0. Note that Φ0 is not necessarily reduced.
Let Φθ0 and ∆
θ
0 be the subsets of θ-fixed roots in Φ0, respectively ∆0. We
have that Φ0 = r(Φ0 \ Φθ0) and ∆0 = r(∆0 \∆θ0). Let Θ be a subset of ∆0.
Set [Θ] = r−1(Θ) ∪ ∆θ0. Subsets of ∆0 of the form [Θ] are called θ-split.
Maximal θ-split subsets of ∆0 are of the form [∆0 \ {α¯}], where α¯ ∈ ∆0.
1.2.2. Parabolic subgroups relative to involutions. Let P be an F -parabolic
subgroup of G. We refer to F -parabolic subgroups of G simply as parabolic
subgroups. Let N be the unipotent radical of P. The reductive quotient
M ∼= P/N is called a Levi factor of P. We denote by δP the modular
character of P = P(F ) given by δP (p) = | det Adn(p)|F , where n is the Lie
algebra of N. We also refer to M = M(F ) as a Levi subgroup of G.
Let M be a Levi subgroup of G. Let AM denote the F -split component
of the centre of M . The (θ, F )-split component of M , denoted by SM , is the
largest (θ, F )-split torus of M that is contained in AM . More precisely,
SM =
({a ∈ AM : θ(a) = a−1})◦ ,
and SM = SM(F ), where (·)◦ denotes the Zariski-connected component of
the identity.
Definition 1.2.3. A parabolic subgroup P of G is θ-split if θ(P ) is opposite
to P , in which case M = P ∩ θ(P ) is a θ-stable Levi subgroup of P .
If Θ ⊂ ∆0 is θ-split, then the ∆0-standard parabolic subgroup PΘ is
θ-split. Let ΦΘ be the subsystem of Φ0 generated by Θ. The standard
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parabolic subgroup PΘ has unipotent radical NΘ generated by the root
subgroups Nα, where α ∈ Φ+0 \Φ+Θ. The standard Levi subgroup MΘ of PΘ
is equal to the centralizer in G of the F -split torus AΘ =
(⋂
α∈Θ kerα
)◦
.
Any ∆0-standard θ-split parabolic subgroup of G arises from a θ-split subset
of ∆0 [KT08, Lemma 2.5(1)].
Let Θ ⊂ ∆0 be θ-split. The (θ, F )-split component of MΘ is equal to
SΘ =
 ⋂
α¯∈r(Θ)
ker(α¯ : S0 → F×)
◦
For any 0 <  ≤ 1, define
S−Θ() = {s ∈ SΘ : |α(s)|F ≤ , for all α ∈ ∆0 \Θ}.(1.1)
We write S−Θ for S
−
Θ(1) and refer to S
−
Θ as the dominant part of SΘ.
By [HH98, Theorem 2.9], the θ-split subset ∆θ0 determines the standard
minimal θ-split parabolic subgroup P0 = P∆θ0
. Let N0 be the unipotent
radical of P0. The standard Levi subgroup M0 of P0 is the centralizer in G
of the maximal (θ, F )-split torus S0.
Lemma 1.2.4 ([KT08, Lemma 2.5]). Let S0 ⊂ A0, ∆0, and P0 = M0N0 be
as above.
(1) Any θ-split parabolic subgroup P of G is conjugate to a ∆0-standard
θ-split parabolic subgroup by an element g ∈ (HM0)(F ).
(2) If the group of F -points of the product (HM0)(F ) is equal to HM0,
then any θ-split parabolic subgroup of G is H-conjugate to a ∆0-
standard θ-split parabolic subgroup.
Let P = MN be a θ-split parabolic subgroup. Pick g ∈ (HM0)(F ) such
that P = gPΘg
−1 for some θ-split subset Θ ⊂ ∆0. Since g ∈ (HM0)(F ) we
have that g−1θ(g) ∈M0 = M0(F ), and we have SM = gSΘg−1. For a given
 > 0, one may extend the definition of S−Θ in (1.1) to the torus SM . Set
S−M () = gS
−
Θ()g
−1 and define S−M = S
−
M (1). Write S
1
M to denote the group
of OF -points SM(OF ).
1.3. Distinguished representations and relative matrix coefficients.
A representation (pi, V ) of G is smooth if for every v ∈ V the stabilizer of v in
G is an open subgroup. A smooth representation (pi, V ) of G is admissible if,
for every compact open subgroup K of G, the subspace V K of K-invariant
vectors is finite dimensional. All of the representations that we consider
are smooth and admissible. A quasi-character of G is a one-dimensional
representation. Let (pi, V ) be a smooth representation of G. If ω is a quasi-
character of ZG, then (pi, V ) is called an ω-representation if pi has central
character ω.
Let P be a parabolic subgroup of G with Levi subgroup M and unipotent
radical N . Given a smooth representation (ρ, Vρ) of M we may inflate ρ
to a representation of P , also denoted ρ, by declaring that N acts trivially.
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We define the representation ιGP ρ of G to be the (normalized) parabolically
induced representation IndGP (δ
1/2
P ⊗ ρ), where G acts by right translation of
functions.
Let (pi, V ) be a smooth representation of G. Let (piN , VN ) denote the
normalized Jacquet module of pi along P . Precisely, VN is the quotient of V
by the P -stable subspace V (N) = span{pi(n)v − v : n ∈ N, v ∈ V }, and the
action of P on VN is normalized by δ
−1/2
P . The unipotent radical of N acts
trivially on (piN , VN ) and we will regard (piN , VN ) as a representation of the
Levi factor M ∼= P/N of P .
Let pi be a smooth representation of G. We also let pi denote its restriction
to H. Let χ be a quasi-character of H.
Definition 1.3.1. The representation pi is (H,χ)-distinguished if the space
HomH(pi, χ) is nonzero. If pi is (H, 1)-distinguished, where 1 is the trivial
character of H, then we will simply call pi H-distinguished.
Let (pi, V ) be a smooth (H,χ)-distinguished representation of G, and
further assume that pi has central character ω. Note that ω restricted to the
intersection of the centre ZG of G with H must agree with χ on ZG∩H. Let
λ ∈ HomH(pi, χ) be a nonzero linear form on V . Let v be a nonzero vector
in V . In analogy with the usual matrix coefficients, define a complex-valued
function ϕλ,v on G given by g 7→ 〈λ, pi(g−1)v〉. Refer to the functions ϕλ,v
as λ-relative matrix coefficients. When λ is understood, we will drop it from
the terminology.
Since the representation (pi, V ) is smooth the relative matrix coefficients
ϕλ,v lie in C
∞(G), for every v ∈ V . Moreover, since pi has central char-
acter ω, the functions ϕv,λ lie in the subspace C
∞
ω (G) of C
∞(G) consist-
ing of smooth (locally constant) functions f : G → C such that f(zg) =
ω(z)−1f(g), for all z ∈ ZG and g ∈ G. For all g ∈ G, z ∈ ZG and h ∈ H
observe that
ϕλ,v(gzh) = 〈λ, pi(h−1z−1g−1)〉 = χ(h−1)ω(z−1)ϕλ,v(g).(1.2)
Define C∞(G,H, χ) to be the subspace of C∞(G) such that
C∞(G,H, χ) = {f ∈ C∞(G) : f(gh) = χ(h−1)f(g)}.(1.3)
The map v 7→ ϕλ,v ∈ C∞(G,H, χ) intertwines (pi, V ) with the left-regular
representation of G on C∞(G,H, χ).2 Let C∞ω (G,H, χ) be the intersection
C∞(G,H, χ) ∩C∞ω (G). By assumption, pi is an ω-representation; therefore,
ϕλ,v lies in C
∞
ω (G,H, χ). By (1.2), it makes sense to consider the support of
the functions ϕλ,v modulo ZGH. Indeed, if ϕλ,v(g) 6= 0, then ϕλ,v(gzh) 6= 0,
for all z ∈ ZG and h ∈ H. Finally, define C∞ω,0(G,H, χ) to be the space of
2The representation of G on C∞(G,H, χ) is the left-regular representation of G on
IndGH χ. Note that our conventions for induced representations (for parabolic induction)
would have f(hg) = χ(h)f(g), rather than f(gh) = χ(h−1)f(g).
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functions
{f ∈ C∞ω (G,H, χ) : Supp(f) has compact image in G/ZGH}.(1.4)
Observe that we have the chain of containments
C∞ω,0(G,H, χ) ⊂ C∞ω (G,H, χ) ⊂ C∞ω (G) ⊂ C∞(G).
We’ll write C∞c (G) for the space of smooth compactly supported functions
on G. This is consistent with the above notation, since we’ll write C∞0 (G)
to denote the space of smooth functions on G the are compactly supported
modulo ZG. By definition, C
∞
c (G) ⊂ C∞0 (G).
Definition 1.3.2. The ω-representation (pi, V ) is said to be
(1) (H,χ, λ)-relatively supercuspidal if and only if all of the λ-relative
matrix coefficients are compactly supported modulo ZGH, that is,
ϕλ,v ∈ Cω,0(G,H, χ), for every v ∈ V .
(2) (H,χ)-relatively supercuspidal if and only if pi is (H,χ, λ)-relatively
supercuspidal for every λ ∈ HomH(pi, χ).
When χ = 1 is trivial, we drop it from the notation.
Remark 1.3.3 (H-distinction). If χ = 1, then since λ is H-invariant the func-
tions ϕλ,v descend to well-defined functions on the quotient G/H. In this
case, C∞(G,H, 1) ∼= C∞(G/H), C∞ω (G,H, 1) ∼= C∞ω (G/H) and C∞ω,0(G,H, 1) ∼=
C∞ω,0(G/H) is the subspace of functions in C∞ω (G/H) with compact support
modulo ZGH.
Let Q = LU be a θ-stable parabolic subgroup with θ-stable Levi factor L
and unipotent radical U . Note that the identity component of Qθ = LθU θ is
a parabolic subgroup of H◦, with the expected Levi decomposition [HW93],
[GO16, Lemma 3.1]. Let µ be a positive quasi-invariant measure on the
(compact) quotient Qθ\H [BZ76, Theorem 1.21].
Lemma 1.3.4. Let ρ be a smooth representation of L and let pi = ιGQρ. The
map λ 7→ λG is an injection of HomLθ(δ1/2Q ρ, δQθχ|Lθ) into HomH(pi, χ),
where λG is given explicitly by
〈λG, f〉 =
∫
Qθ\H
〈λ, χ(h)−1f(h)〉 dµ(h)(1.5)
for any function f in the space Vpi of pi.
Proof. Let I(ρ,QH) denote the space of locally constant functions φ on QH
taking values in the space Vρ of ρ and satisfying:
φ(luh) = δ
1/2
Q (l)ρ(l)φ(h),
for all l ∈ L, u ∈ U and h ∈ H. Restriction of functions in I(ρ,QH)
to H gives an equivalence between the H-representations I(ρ,QH) and
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c-IndHQθ [(δ
1/2
Q ρ)|Lθ ] = IndHQθ [(δ
1/2
Q ρ)|Lθ ], where c-Ind denotes compact in-
duction. Applying the exact functor HomH(·, χ) we obtain
HomH(I(ρ,QH), χ) ∼= HomH(c-IndHQθ [(δ1/2Q ρ)|Lθ ], χ).
By [BZ76, Proposition 2.29],
HomH(c-Ind
H
Qθ [(δ
1/2
Q ρ)|Lθ ], χ) ∼= HomLθ(δ−1Qθ δ
1/2
Q ρ, χ|Lθ)
= HomLθ(δ
1/2
Q ρ, δQθχ|Lθ);
moreover, the isomorphism is given explicitly by sending λ in the space
HomLθ(δ
1/2
Q ρ, δQθχ|Lθ) to the linear functional on I(ρ,QH) defined by the
(convergent) integral ∫
Qθ\H
〈λ, χ(h)−1φ(h)〉 dµ(h),
for any φ ∈ I(ρ,QH). In addition, since Q is θ-stable we have that QH
is closed in G [HW93, Lemma 1.7], and the map φ 7→ φ|QH is a surjective
H-morphism from Vpi to I(ρ,QH); therefore, we have an injection
HomH(I(ρ,QH), χ) ↪→ HomH(pi, χ).
Taking into account the above isomorphism between HomH(I(ρ,QH), χ)
and HomLθ(δ
1/2
Q ρ, δQθχ|Lθ), we’ve obtained an explicit injection
HomLθ(δ
1/2
Q ρ, δQθχ|Lθ) ↪→ HomH(ιGQρ, χ)
given by λ 7→ λG, as claimed. 
Remark 1.3.5. The invariant form λG is the linear functional obtained from
λ via the closed orbit in Q\G/H and the Mackey theory. See [Off17, Propo-
sition 7.1] for more on this perspective.
Corollary 1.3.6. Suppose that δ
1/2
Q restricted to L
θ is equal to δQθ . The
map λ 7→ λG is an injection of HomLθ(ρ, 1) into HomH(ιGQρ, 1). In particu-
lar, if ρ is Lθ-distinguished, then ιGQρ is H-distinguished.
2. Linear funtionals on Jacquet modules
2.1. M θ-invariant linear forms on Jacquet modules. Let (pi, V ) be
an admissible H-distinguished representation of G. Let λ ∈ HomH(pi, 1)
be a nonzero H-invariant linear form on V . Let P be a θ-split parabolic
subgroup of G. Let N be the unipotent radical of P , and let M = P ∩ θ(P )
be a θ-stable Levi factor of P . Independently, Kato–Takano and Lagier have
defined an M θ-invariant linear form λN on the Jacquet module (piN , VN ).
Fix a maximal θ-stable F -split torus A0 containing a maximal (θ, F )-split
torus S0. Let ∆0 be a θ-base of the root system Φ0 of G with respect to A0.
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Assume that P = PΘ is a ∆0-standard θ-split parabolic subgroup of G cor-
responding to a θ-split subset Θ of ∆0. In order to define the M
θ-invariant
form λN , we first require the following result (cf. [Cas95, Proposition 1.4.4]).
Lemma 2.1.1 ([KT08, Lemma 4.3]). There exists a decreasing sequence
{Kn}n≥0 of θ-stable compact open subgroups of G satisfying the following
properties.
(1) The family {Kn}n≥0 gives a neighbourhood base of the identity in G.
(2) For each n ≥ 1, the group Kn is normal in K0 and the quotient group
Kn/Kn+1 is a finite abelian p-group, where p is the characteristic of
the residue field kF .
(3) For each Kn, n ≥ 1, and each ∆0-standard θ-split parabolic subgroup
PΘ of G, Kn has Iwahori factorization with respect to PΘ, and
s(NΘ ∩Kn)s−1 ⊂ (NΘ ∩Kn), s−1(NopΘ ∩Kn)s ⊂ (NopΘ ∩Kn),
for all s ∈ S−Θ .
(4) For each ∆0-standard θ-split parabolic subgroup PΘ of G, the family
{MΘ ∩Kn}n≥0 satisfies properties (1)–(3) for the group MΘ.
We refer to a family of θ-stable compact open subgroups {Kn}n≥0 satis-
fying (1)–(4) of Lemma 2.1.1 as adapted to the data (S0, A0,∆0). The con-
struction of λN depends on Casselman’s Canonical Lifting [Cas95, Propo-
sition 4.1.4] along a family of θ-stable compact open subgroups {Kn}n≥0
adapted to (S0, A0,∆0).
We now recall Casselman’s Canonical Lifting following [KT08, §5.2]. For
any compact open subgroup K of G, the projection operator PK from V to
the subspace of V K of K-fixed vectors is given by the integral
PK(v) =
1
µK(K)
∫
K
pi(k)v dµK ,
for any v ∈ V , where µK is a fixed Haar measure on K. The subspace V (N)
of V is equal to the union, over compact open subgroups N1 of N , of the
sets
V0(N1) =
{
v ∈ V :
∫
N1
pi(n)v dµN = 0
}
,
where µN is Haar measure on N . Fix an adapted family {Kn}n≥0 as in
Lemma 2.1.1. Let [v] ∈ VN and take a θ-stable compact open subgroup
K = Kn from the adapted family such that [v] ∈ (VN )M∩K . There exists a
compact open subgroupN0 ofN such that V
K∩V (N) is contained in V0(N0).
By [KT08, Lemma 2.8]3, there exists a positive real number 0 <  ≤ 1 such
that sN0s
−1 is contained in N ∩K, for all s ∈ S−M (). For any s ∈ S−M (),
the projection of V onto VN induces an isomorphism from PK
(
pi(s)V K
)
to
(VN )
M∩K . The vector v ∈ PK(pi(s)V K) that satisfies v + V (N) = [v] is
3Since S−M () ⊂ A−M (), one may replace A−M () by in S−M () Casselman’s argument in
[Cas95, Proposition 4.1.4].
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called the canonical lift of [v] with respect to K. Casselman proves that v
depends on the choice of K, but the canonical lift v of [v] does not depend
on N0 nor . By [Cas95, Proposition 4.1.8], if v
′ is any other canonical lift
of [v] with respect to a subgroup K ′ of K, then v′ ∈ V (M∩K)(Nop∩K) and
v = PK(v
′) = PN∩K(v′). The following is [KT08, Proposition 5.3].
Proposition 2.1.2 (Kato–Takano). Let λ be an H-invariant linear form on
an admissible representation (pi, V ) of G and let P = MN be a ∆0-standard
θ-split parabolic subgroup.
(1) For K = Kn, n ≥ 1, in the adapted family {Kn}n≥0 and v ∈
V (M∩K)(Nop∩K), we have that 〈λ, v〉 = 〈λ,PN∩K(v)〉.
(2) Given [v] ∈ VN , for any two canonical lifts v, v′ ∈ V , we have
〈λ, v〉 = 〈λ, v′〉.
Definition 2.1.3 (Kato–Takano, Lagier). Let P = MN be a θ-split par-
abolic subgroup of G with θ-stable Levi subgroup M = P ∩ θ(P ), and
unipotent radical N . Let λ ∈ HomH(pi, 1) be nonzero. Define the linear
form λN on VN by declaring that
〈λN , [v]〉 = 〈λ, v〉,
where v ∈ V is any canonical lift of [v] ∈ VN with respect to an adapted
family {Kn}n≥0.
By Proposition 2.1.2, the linear form λN is well defined and does not
depend on the choice of {Kn}n≥0, nor on the choice of canonical lift.
Proposition 2.1.4 (Kato–Takano, Lagier). Let (pi, V ) be an admissible H-
distinguished representation of G. Let λ ∈ HomH(pi, 1) be nonzero and let
P be a θ-split parabolic subgroup of G with unipotent radical N and θ-stable
Levi component M = P ∩ θ(P ).
(1) The linear functional λN : VN → C is M θ-invariant.
(2) The mapping HomH(pi, 1) → HomMθ(piN , 1), sending λ to λN , is
linear.
Proof. See, for instance, [KT08, Proposition 5.6]. 
Theorem 2.1.5 ([KT08, Theorem 7.1]). Let (pi, V ) be an admissible H-
distinguished representation of G and let λ be a nonzero H-invariant linear
form on V . Then, (pi, V ) is (H,λ)-relatively supercuspidal if and only if
λN = 0 for every proper θ-split parabolic subgroup P of G.
2.2. (M θ, χ|Mθ)-equivariant linear forms on Jacquet modules. With
only minor modifications to the arguments, the results of [KT08] can be
generalized to (H,χ)-distinguished representations with χ nontrivial. We
keep the notation of Section 2.1.
Let (pi, V ) be an admissible (H,χ)-distinguished representation of G. Let
λ ∈ HomH(pi, χ) be nonzero. Let P = MN be a θ-split parabolic subgroup
of G with θ-stable Levi factor M = P ∩ θ(P ) and unipotent radical N . Let
SM be the (θ, F )-split component of M .
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As above, we may regard P as standard with respect to some choice of
data (S0, A0,∆0). Let {Kn}n≥0 be an adapted family of θ-stable compact
open subgroups as in Lemma 2.1.1. Since {Kn}n≥0 forms a neighbourhood
basis at the identity of G, with each Kn θ-stable, and χ : H → C× is
continuous, we have that for all n large enough Kn ∩ H is contained in
kerχ. The following generalizes Proposition 2.1.2 ([KT08, Proposition 5.3])
and the proof is the same, as long as one takes n large enough so that
Kn∩H ⊂ kerχ and notices that [KT08, Lemma 4.6] actually gives N ∩K ⊂
(H ∩K)(M ∩K)(Nop ∩K).
Proposition 2.2.1. Let (pi, V ) be an admissible (H,χ)-distinguished rep-
resentation of G. Let λ ∈ HomH(pi, χ) be nonzero. Let P = MN be a
∆0-standard θ-stable parabolic subgroup of G.
(1) Let K = Kn be a member of the adapted family {Kn}n≥0 such that
K ∩ H ⊂ kerχ, then for any v ∈ V (M∩K)(Nop∩K) we have 〈λ, v〉 =
〈λ,PN∩K(v)〉
(2) For any two canonical lifts v and v′ of a fixed [v] ∈ VN , we have
〈λ, v〉 = 〈λ, v′〉.
Proposition 2.2.1 allows us to define λN,χ ∈ HomMθ(piN , χ|Mθ) in exactly
the same manner as λN is defined in Definition 2.1.3.
Definition 2.2.2. Let P = MN be a θ-split parabolic subgroup of G with
θ-stable Levi subgroup M , and unipotent radical N . Let λ ∈ HomH(pi, χ)
be nonzero. Define the linear form λN,χ on VN by declaring that
〈λN,χ, [v]〉 = 〈λ, v〉,
where v ∈ V is any canonical lift of [v] ∈ VN with respect to an adapted
family {Kn}n≥0.
By Proposition 2.2.1, the linear form λN,χ is well defined and does not de-
pend on the choice of {Kn}n≥0, nor on the choice of canonical lift. Moreover,
if pi is H-distinguished and λ ∈ HomH(pi, 1), then λN,1 = λN .
Proposition 5.5 of [KT08] (cf. [Lag08, The´ore`me 2]) holds with λN re-
placed by λN,χ.
4 Again, to adjust the proof, go far enough into the adapted
family {Kn} to ensure that Kn∩H ⊂ kerχ. The next result is the analogue
of Proposition 2.1.4 ([KT08, Proposition 5.6]) and has also been obtained
by Delorme [Del10, Section 3.1] via the methods of Lagier [Lag08].
Proposition 2.2.3. Let (pi, V ) be an admissible (H,χ)-distinguished rep-
resentation of G. Let λ ∈ HomH(pi, χ) be nonzero. Let P = MN be a
θ-split parabolic subgroup of G with θ-stable Levi subgroup M = P ∩ θ(P )
and unipotent radical N .
(1) The linear functional λN,χ : VN → C lies in HomMθ(piN , χ|Mθ).
4Below, when applying the analogue of [KT08, Proposition 5.5] in the context of λN,χ
we will refer to Kato and Takano’s result without further comment.
12 J. M. SMITH
(2) The mapping HomH(pi, χ) → HomMθ(piN , χ|Mθ), sending λ to λN,χ
is linear.
Proof. The proof is the same as that of [KT08, Proposition 5.6] after taking
into account the character χ and replacing Kato and Takano’s λ¯ = λN ◦
piN (m) with λ
′ = χ(m)−1λN,χ ◦ piN (m). 
The analogue of [KT08, Proposition 5.9] (cf. [Del10, Proposition 3.9]) also
holds.
Proposition 2.2.4. Let (pi, V ) be an admissible (H,χ)-distinguished rep-
resentation of G. Let λ ∈ HomH(pi, χ) be nonzero. Let P ′ = M ′N ′ ⊂
P = MN be two θ-split parabolic subgroups of G with the indicated Levi
decompositions. The following diagram commutes:
HomH(pi, χ) HomMθ(piN , χ|Mθ)
Hom(M ′)θ
(
piN ′ , χ|(M ′)θ
)
Hom(M ′)θ
(
(piN )N ′∩M , χ|(M ′)θ
)
λ 7→λN,χ
λ 7→λN′,χ λN,χ 7→(λN,χ)N′,χ|Mθ
∼
where the bottom isomorphism follows from the transitivity of the Jacquet
restriction functor, i.e., piN ′ ∼= (piN )N ′∩M . Identifying piN ′ and (piN )N ′∩M ,
we have that λN ′,χ = (λN,χ)N ′,χ|
Mθ
.
Note. In the bottom right of the diagram in Proposition 2.2.4, we’ve used
that (χ|Mθ) |(M ′)θ = χ|(M ′)θ , i.e, we can restrict the character χ in stages.
Remark 2.2.5. It appears that, in the proof of [KT08, Proposition 5.9] when
applying [KT08, proposition 5.5(1)], Kato and Takano use that S−M ′() is
contained in S−M (), which is not true if M
′ is a proper Levi of M . How-
ever, Lagier’s result [Lag08, The´ore`me 2] may be used, in place of [KT08,
proposition 5.5(1)], to prove [KT08, Proposition 5.9] and similarly Proposi-
tion 2.2.4. Importantly, [KT08, Proposition 5.5(2)] remains true when using
[Lag08, The´ore`me 2] in place of [KT08, Proposition 5.5(1)].
2.3. Characterizing (H,χ, λ)-relative supercuspidality. Here, we use
apply the results of Section 2.2 to generalize the results of [KT08, Section
6] to (H,χ)-distinguished representations. The arguments are exactly the
same as in Kato and Takano’s work except that we apply the results of
Section 2.2 in place of those in [KT08, Section 5] (cf. Section 2.1 loc cit.);
therefore, we’ll only note when the arguments need to be adjusted. The
main result is the following generalization of [KT08, Theorem 6.2].
Theorem 2.3.1. Let (pi, V ) be an admissible (H,χ)-distinguished represen-
tation of G and let λ ∈ HomH(pi, χ) be nonzero. Then (pi, V ) is (H,χ, λ)-
relatively supercuspidal if and only if λN,χ = 0, for every proper θ-split
parabolic subgroup P = MN of G.
THE SUPPORT OF CLOSED ORBIT RELATIVE MATRIX COEFFICIENTS 13
Remark 2.3.2. Of course, if χ = 1 and pi is H-distinguished, then Theo-
rem 2.3.1 recovers [KT08, Theorem 6.2].
Before giving a proof of Theorem 2.3.1, we assemble preliminary results
analogous to the results of [KT08, Section 6.5]. Recall that P0 = M0N0 is
the minimal ∆0-standard θ-split parabolic subgroup of G associated to the
data (S0, A0,∆0). If x ∈ (HM0)(F ), define mx = x−1θ(x) ∈ M0 = M0(F ).
The twisted involution θx is given by
θx(g) = x
−1θ(xgx−1)x = mxθ(g)m−1x ,
for all g ∈ G. The θx-fixed points of G are related to the θ-fixed points by
the following equality
Gθx = x−1Gθx = x−1Hx.
Note. The maximal (θ, F )-split torus S0 is centralized byM0; therefore, since
x ∈ (HM0)(F ), S0 is also a maximal (θx, F )-split torus of G. Moreover, any
∆0-standard θ-split parabolic subgroup of G is θx-split. The (θ, F )-split and
(θx, F )-split components for such a parabolic subgroup coincide.
Assume that P = MN is a ∆0-standard θ-split parabolic subgroup of
G. Let χ be a quasi-character of H = Gθ. Denote by χ′ the corresponding
quasi-character x
−1
χ = χ ◦ Intx−1 of Gθx . Let pi be an admissible (Gθx , χ′)-
distinguished representation of G. We have a mapping
HomGθx (pi, χ
′)→ HomMθx (piN , χ′|Mθx ),
λ′ 7→ λ′N,χ′ .
For x ∈ (HM0)(F ), as above, the parabolic subgroup Q = xPx−1 is θ-
split but possibly nonstandard. Let U be the unipotent radical of Q and
let L be the θ-stable Levi factor Q ∩ θ(Q). The (θ, F )-split component
of L is SL = xSMx
−1. As above, for any (H,χ)-distinguished admissible
representation pi of G we have a mapping
HomH(pi, χ)→ HomLθ(piU , χ|Lθ).
λ 7→ λU,χ
Observe that L = xMx−1 and Lθ = xM θxx−1. Moreover, the map send-
ing λ ∈ HomH(pi, χ) to λ′ = λ ◦ pi(x) ∈ HomGθx (pi, χ′) is a linear isomor-
phism. The following is the direct analogue of [KT08, Lemma 6.6].
Lemma 2.3.3. Let x ∈ (HM0)(F ). Let P = MN , and Q = LU = xPx−1
be θ-split parabolic subgroups of G. Let χ be a quasi-character of H and let
χ′ = χ ◦ Intx−1. Let (pi, V ) be an (H,χ)-distinguished representation of G.
Given λ ∈ HomH(pi, χ), set λ′ = λ ◦ pi(x) ∈ HomGθx (pi, χ′). The relation
〈λ′N,χ′ , [v]N 〉 = 〈λU,χ, [pi(x)v]U 〉(2.1)
holds for every λ ∈ HomH(pi, χ) and v ∈ V .5
5We use [v]N to denote the image of v in VN and [v]U to denote the image of v in VU .
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Proof. The map pi(x) : V → V maps V (N) isomorphically onto V (U);
therefore, pi(x) induces a linear isomorphism pi(x) : VN → VU of Jacquet
modules. Moreover, pi(x)[v]N = [pi(x)v]U , for every v ∈ V . To prove the
equality in (2.1), we will apply [KT08, Proposition 5.5(2)]. Set λ¯ = λU,χ ◦
pi(x). For s ∈ SM , we have that
δ
1/2
P (s)〈λ¯, piN (s)[v]N 〉 = 〈λU,χ, pi(x)(δ1/2P (s)piN (s)[v]N )〉
= 〈λU,χ, pi(x)[pi(s)v]N 〉
= 〈λU,χ, [pi(x)pi(s)v]U 〉
= 〈λU,χ, δ1/2Q (xsx−1)piU (xsx−1)[pi(x)v]U 〉.
By [KT08, Proposition 5.5(1)], applied with respect to Q = LU , there exists
0 <  ≤ 1 with
〈λU,χ, δ1/2Q (xsx−1)piU (xsx−1)[pi(x)v]U 〉 = 〈λ, pi(xsx−1)pi(x)v〉
= 〈λ, pi(x)pi(s)v〉
= 〈λ′, pi(s)v〉,
for every s ∈ S−M ().6 By [KT08, Proposition 5.5(2)], λ¯ = λU,χ ◦ pi(x) is
equal to λ′N,χ′ , which completes the proof. 
Remark 2.3.4.
(1) In the second and fourth lines of the first calculation in the proof of
Lemma 2.3.3, we used that piN (s)[v]N = δ
−1/2
P (s)[pi(s)v]N , i.e., we
work with normalized Jacquet modules.
(2) Explicitly, λ′N,χ′ is equal to (λ ◦ pi(x))N,x−1χ.
The next result is the analogue of [KT08, Lemma 6.7].
Lemma 2.3.5. Let λ ∈ HomH(pi, χ) be a nonzero (H,χ)-equivariant linear
functional on an admissible (H,χ)-distinguished representation (pi, V ) of G.
Let P = MN be the θ-split parabolic subgroup xPΘx
−1 of G, where Θ is
a θ-split subset of ∆0, PΘ = MΘNΘ, and x ∈ (HM0)(F ). Let C be a
compact subset of G. If λN,χ = 0, then for all v ∈ V there exists a positive
real number  ≤ 1, depending on Θ and x, such that the relative matrix
coefficient ϕλ,v vanishes identically on CS
+
Θ()x
−1H.
Proof. Let v ∈ V be nonzero. Let k ∈ C, s ∈ S−Θ(), and h ∈ H. By
definition, s−1 ∈ S+Θ(). Observe that
ϕλ,v(ks
−1x−1h) = 〈λ, pi(h−1xsk−1v)〉
= χ(h−1)〈λ, pi(x)pi(s)pi(k−1)v〉
= χ(h−1)〈λ′, pi(s)pi(k−1)v〉,
6Recall that SL = xSMx
−1.
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where λ′ = λ ◦ pi(x) ∈ HomGθx (pi, χ′), and χ′ = x−1χ. Recall that, since C
is compact, pi(k−1)v remains in a finite dimensional subspace of V for every
k ∈ C. By [KT08, Proposition 5.5(1)] for λ′ and PΘ = MΘNΘ, there exists
0 <  ≤ 1 such that
χ(h−1)〈λ′, pi(s)pi(k−1)v〉 = χ(h−1)δ1/2PΘ (s)〈λ′NΘ,χ′ , piNΘ(s)[pi(k−1)v]NΘ〉
= χ(h−1)〈λ′NΘ,χ′ , [pi(s)pi(k−1)v]NΘ〉,
for every s ∈ S−Θ() and k ∈ C. By Lemma 2.3.3, we have
χ(h−1)〈λ′NΘ,χ′ , [pi(s)pi(k−1)v]NΘ〉 = χ(h−1)〈λN,χ, [pi(x)pi(s)pi(k−1)]N 〉
= 0,
where the last equality holds by assumption. In particular, there is 0 <  ≤ 1
such that ϕλ,v(ks
−1x−1h) = 0 for every k ∈ C, s ∈ S−Θ(), and h ∈ H. 
Proof of Theorem 2.3.1. The proof of the “only if” part follows exactly as
that of [KT08, Theorem 6.2] (see [KT08, Section 6.3]). Moreover, with
Lemmas 2.3.3 and 2.3.5 in place of [KT08, Lemma 6.6] and [KT08, Lemma
6.7], the proof of the “if” part of Theorem 2.3.1 goes through exactly as that
of [KT08, Theorem 6.2] (see [KT08, Section 6.8]). 
2.4. An (H,χ)-relative subrepresentation theorem. We now give a
generalization of the relative Jacquet Subrepresentation Theorem [KT08,
Theorem 7.1]. To do so, we first need the (H,χ)-analogue of [KT08, Propo-
sition 1.11]. With Theorem 2.3.1 in place, the proofs of both results follow by
the same arguments as in the work of Kato and Takano. For completeness,
we include the proofs here.
Proposition 2.4.1. Let (pi, V ) be a finitely generated (H,χ)-distinguished
representation of G and let λ ∈ HomH(pi, χ) be nonzero. If (pi, V ) is (H,χ, λ)-
relatively supercuspidal, then (pi, V ) has a nontrivial (H,χ)-distinguished ir-
reducible quotient.
Proof. Let T : V → C∞(G,H, χ) be the intertwining operator that sends
v ∈ V to the λ-relative matrix coefficient ϕλ,v. By assumption, T has image
contained in C∞0 (G,H, χ). The quotient V/ kerT ∼= ImT ⊂ C∞0 (G,H, χ)
is finitely generated and thus finite length [Cas95, Theorem 6.3.10]. By
[KT08, Lemma 1.7], there exists a quotient (ρ,W ) of V/ kerT which is
an ω-representation for some quasi-character ω of G; moreover, (ρ,W ) is
equivalent to a subrepresentation of C∞0 (G,H, χ). Note that (ρ,W ) is also
a quotient of V . By [KT08, Lemma 1.10(2)], there exists a positive valued
quasi-character ξ : G → R0> such that ξ|H = 1 and ξ|ZG = |ω(·)|−1. The
representation ξ ⊗ ρ is (H,χ)-distinguished. We may regard ξ ⊗ ρ as a
subrepresentation of C∞0,ωu(G,H, χ), where ωu = ω ⊗ |ω(·)|−1 is a unitary
character. Thus (ξ⊗ρ,W ) is unitarizable and decomposes into a direct sum
of finitely many irreducible subrepresentations [Cas95, Proposition 2.1.14].
The decomposition for the action of ξ ⊗ ρ on W also holds for the action of
16 J. M. SMITH
ρ on W . At least one of the irreducible direct summands of (ρ,W ) must be
(H,χ)-distinguished and this is the desired quotient of (pi, V ). 
Theorem 2.4.2. Let (pi, V ) be an irreducible admissible (H,χ)-distinguished
representation of G. There exists a θ-split parabolic subgroup P = MN of G
and an irreducible (M θ, χ|Mθ)-relatively supercuspidal representation (ρ,W )
of M such that pi is equivalent to a subrepresentation of ιGP ρ.
Proof. Argue by induction on the rank k of the maximal (θ, F )-split tori
of G/ZG. If k = 0, then by [HW93, Proposition 4.7] G/ZGH is compact.
In this case, every irreducible (H,χ)-distinguished representation of G is
(H,χ)-relatively supercuspidal. Thus, we assume that k > 0. If pi is (H,χ)-
relatively supercuspidal, then there is nothing to do. Otherwise, there exists
a nonzero element λ ∈ HomH(pi, χ) such that pi is not (H,χ, λ)-relatively
supercuspidal. By Theorem 2.3.1, there exists a proper θ-split parabolic
subgroup P ′ = M ′N ′ of G such that λN ′,χ 6= 0. Let Q = LU be minimal
among proper θ-split parabolic subgroups such that λU,χ 6= 0. By Proposi-
tion 2.2.4 and Theorem 2.3.1, the admissible representation (piU , VU ) of L
is (Lθ, χ|Lθ , λU,χ)-relatively supercuspidal. By Proposition 2.4.1, there ex-
ists an irreducible (Lθ, χ|Lθ)-distinguished quotient ρ′ of piU . By Frobenius
Reciprocity, there is a natural bijection
HomG(pi, ι
G
Qρ
′) ' HomL(piU , ρ′) 6= 0,
and pi is equivalent to an irreducible subrepresentation of ιGQρ
′. Note that,
since Q is proper in G, the rank of the maximal (θ, F )-split tori in L/ZL is
strictly less than k. By induction, applied to L and ρ′, there exists a θ-split
parabolic subgroup P = MN of G contained in Q and an (M θ, χ|Mθ)-
relatively supercuspidal representation ρ of M = M ∩ L such that ρ′ is
equivalent to a subrepresentation of ιLL∩Pρ. By the transitivity of parabolic
induction, pi is equivalent to a subrepresentation of ιGQ(ι
L
L∩Pρ) ∼= ιGP ρ. 
3. Representations that are not relatively supercuspidal
Let χ be a quasi-character of H = Gθ. Our goal is to study the support
of relative matrix coefficients defined with respect to the (H,χ)-equivariant
linear forms λG produced via Lemma 1.3.4. Recall that a smooth represen-
tation (pi, V ) of G is (H,χ, λG)-relatively supercuspidal if and only if all of
the λG-relative matrix coefficients are compactly supported modulo ZGH
(Definition 1.3.2).
Note. In this section, we must restrict our attention to unramified quasi-
characters of H. The author hopes to relax this restriction on χ in future
work.
3.1. Support of functions on G/ZGH. Assume that χ is an unrami-
fied quasi-character of H; in particular, χ is trivial on all maximal com-
pact open subgroups of H. Let Q = LU be a θ-stable parabolic subgroup
of G with θ-stable Levi subgroup L and unipotent radical U . Note that
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the unipotent subgroups U and Uop are θ-stable. Moreover, the identity
component of Qθ is a parabolic subgroup of the identity component H◦ of
H with the expected Levi factorization [HW93]. Let ρ be an irreducible
representation of L and assume that δ
1/2
Q ρ is (L
θ, δQθχ|Lθ)-distinguished.
Let λ ∈ HomLθ(δ1/2Q ρ, δQθχ|Lθ) be nonzero. Define pi = ιGQρ and construct
λG ∈ HomH(pi, χ) from λ via Lemma 1.3.4. Our goal is to prove the follow-
ing.
Theorem 3.1.1. Let χ be an unramified quasi-character of H. If the in-
duced representation pi = ιGQρ is (H,χ, λ
G)-relatively supercuspidal, then
δ
1/2
Q ρ must be (L
θ, δQθχ|Lθ , λ)-relatively supercuspidal.
Remark 3.1.2. We can rephrase the assumptions on ρ by asking that ρ is
(Lθ, δQθ(δ
−1/2
Q χ)|Lθ)-distinguished. In many, but not all, situations the char-
acter δQθδ
−1/2
Q |Lθ is trivial, see [Smi18a, Smi18b]. For instance, δQθδ−1/2Q |Lθ
is not always trivial in the case that G = GL2n(F ) and H = Sp2n(F )
[Off06].
If χ = 1 is trivial, we identify HomLθ(δ
1/2
Q ρ, δQθ) and HomLθ(ρ, δQθδ
−1/2
Q |Lθ).
As a special case of Theorem 3.1.1, we obtain the following.
Theorem 3.1.3. If the induced representation pi = ιGQρ is (H,λ
G)-relatively
supercuspidal, then ρ is (Lθ, χ′, λ)-relatively supercuspidal, where χ′ is the
character δQθδ
−1/2
Q |Lθ .
By applying Theorem 2.3.1 (the (H,χ)-analogue of [KT08, Theorem 6.2]),
we can rephrase Theorem 3.1.1 as the following corollary.
Corollary 3.1.4. If (λG)N,χ = 0 for all proper θ-split parabolic subgroups
P = MN of G, then λN ′,δ
Qθ
χ|
Lθ
= 0 for all proper θ-split parabolic subgroups
P ′ = M ′N ′ of L.
Again as a special case, by applying Theorem 2.1.5 ([KT08, Theorem
6.2]), we can rephrase Theorem 3.1.3 as the following corollary.
Corollary 3.1.5. If (λG)N = 0 for all proper θ-split parabolic subgroups
P = MN of G, then λN ′,χ′ = 0 for all proper θ-split parabolic subgroups
P ′ = M ′N ′ of L, where χ′ = δQθδ
−1/2
Q |Lθ .
The representation pi admits a central character ω since pi is induced from
an irreducible representation. Since pi is (H,χ)-distinguished, the character
ω agrees with χ on ZG ∩ H, i.e., ω|ZG∩H = χ|ZG∩H . Moreover, since ZG
is the almost direct product SG(ZG ∩H)◦ [Hel91], we have that a function
φ ∈ C∞ω (G,H, χ) is compactly supported modulo ZGH if and only if φ has
compact support modulo SGH.
7 We will now study the support of such a
7Refer to (1.3) and (1.4) for a description of C∞ω (G,H, χ).
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function by considering the behaviour of the function as we approach infinity
along non-central (θ, F )-split tori.
Fix a maximal (θ, F )-split torus S0 of G and a θ-base ∆0 of the root
system Φ0 = Φ(G,A0) of G, where A0 is a θ-stable maximal F -split torus
containing S0. Define S
+
0 to be the set
S+0 = {s ∈ S0 : s−1 ∈ S−0 },(3.1)
where we recall that S−0 = {s ∈ S0 : |α(s)|F ≤ 1, for all α ∈ ∆0}. Given
a subset Θ ⊂ ∆0, the sets S+Θ(), 0 <  ≤ 1, are defined analogously (see
(1.1)),
S+Θ() = {s ∈ SΘ : s−1 ∈ S−Θ()}.
Definition 3.1.6. Let Θ ⊂ ∆0 be a θ-split subset and let SΘ be the as-
sociated standard (θ, F )-split torus. The sequence {sj}j∈N approaches SΘ-
infinity if the sequences {|α(sj)|F }j∈N diverge to infinity for all α ∈ ∆0 \Θ.
For example, if we take s ∈ S+0 \ S10 such that |α(s)|F > 1 for all α ∈
∆0 \ ∆θ0, then the sequence {sn}n∈N approaches S0-infinity. For a non-
standard (θ, F )-split torus S, we can extend Definition 3.1.6 to S using that
S = xSΘx
−1, for some x ∈ (HM0)(F ) and some standard (θ, F )-split torus
SΘ (see Lemma 1.2.4). Precisely, the sequence {xsjx−1}j∈N ⊂ S approaches
S-infinity if and only if the sequence {sj}j∈N ⊂ SΘ approaches SΘ-infinity.
To prove Theorem 3.1.3, we apply the contrapositive of Lemma 2.3.5 (the
analogue of [KT08, Lemma 6.7]), which forms part of the characterization
of (H,χ)-relatively supercuspidal representations.
Lemma 3.1.7 (Contrapositive of Lemma 2.3.5). Let χ be an arbitrary quasi-
character of H. Let λ ∈ HomH(pi, χ) be a nonzero (H,χ)-equivariant linear
function on an admissible (H,χ)-distinguished representation (pi, V ) of G.
Let P = xPΘx
−1 be a θ-split parabolic subgroup of G, where Θ ⊂ ∆0 is
θ-split and x ∈ (HM0)(F ). Let N = xNΘx−1 be the unipotent radical of P
and M = xMΘx
−1 the standard Levi factor. Let C be a compact subset of
G. If there exists v ∈ V such that, for all 0 <  ≤ 1, the function ϕλ,v is
non-zero on some element of CS+Θ()x
−1H, then λN,χ 6= 0.
Recall that there is an analogue of the Cartan decomposition for sym-
metric spaces due to Delorme and Se´cherre [DS11]. In particular, there
exists a compact subset C of G and a finite subset X of (HM0)(F ) such that
G = CS+0 X
−1H, where X−1 = {x−1 : x ∈ X}. If 0 < 1 ≤ 2 ≤ 1, then
S−Θ(1) ⊂ S−Θ(2) ⊂ S−Θ . By definition, S+Θ() = {s ∈ SΘ : s−1 ∈ S−Θ()};
therefore S+Θ(1) ⊂ S+Θ(2) ⊂ S+Θ . In particular, as  goes to zero the cosets
CS+Θ()x
−1H shrink, and CS+Θ(1)x
−1H ⊂ CS+Θ(2)x−1H, if 0 < 1 ≤ 2 ≤ 1.
We have the following.
Corollary 3.1.8. Let χ be an arbitrary quasi-character of H and let λ ∈
HomH(pi, χ) be a nonzero (H,χ)-equivariant form on an admissible (H,χ)-
distinguished representation (pi, V ) of G. Let S be the (θ, F )-split component
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of a proper θ-split parabolic P of G. If there exists v ∈ V such that the
function ϕλ,v is non-zero on a sequence {sn}n∈N approaching S-infinity, then
pi is not (H,χ, λ)-relatively supercuspidal.
Proof. Apply Lemma 3.1.7 to show that λN,χ 6= 0, then the result follows
from Theorem 2.3.1. 
3.2. The proof of Theorem 3.1.1. We work under the assumptions of
Theorem 3.1.1 and we prove the contrapositive statement:
Theorem 3.2.1 (Contrapositive of Theorem 3.1.1). Let χ be an unramified
quasi-character of H. If δ
1/2
Q ρ is not (L
θ, δQθχ|Lθ , λ)-relatively supercusp-
idal, then the induced representation pi = ιGQρ is not (H,χ, λ
G)-relatively
supercuspidal.
Let S be a maximal non-central (θ, F )-split torus of L.8 By assumption
δ
1/2
Q ρ is not (L
θ, δQθχ|Lθ , λ)-relatively supercuspidal; therefore, there is some
relative matrix coefficient ϕλ,v of δ
1/2
Q ρ that is not compactly supported
modulo SLL
θ. By the Relative Cartan Decomposition [DS11] applied to L,
there is a compact subset CL of L and a finite subset XL of (L
θCL(S))(F )
such that L = CLS
+X−1L L
θ. The support of ϕλ,v is not contained in any
subset of L of the form CSLL
θ, where C ⊂ L is compact. In fact, since XL
is finite and
ϕλ,v(`
′`) = δQθ(`)
−1χ(`)−1ϕλ,v(`′), for all `′ ∈ L, ` ∈ Lθ,
there exists a sequence {`n}n∈N ⊂ L such that ϕλ,v(`n) 6= 0, and where
`n = onsnx
−1, where on ∈ CL, x ∈ XL (a fixed element), and {sn} ⊂ S+
approaches S-infinity.9 Replacing S with the maximal (θ, F )-split torus S′ =
xSx−1 of L, we have that ϕλ,v is nonzero on the sequence {`n = o′ns′n}n∈N,
with o′n = onx−1, s′n = xsnx−1, and where {s′n} approaches S′-infinity.
The sequence {`n} has non-compact image modulo SLLθ and modulo SGH
(recall SG ⊂ SL and Lθ ⊂ H).
The idea of the proof of Theorem 3.1.1 is to understand the support of the
λG-relative matrix coefficients of pi in terms of the support of the λ-relative
matrix coefficients of δ
1/2
Q ρ.
10 For simplicity, we assume that we can find
a vector v in the space Vρ ∼= Vδ1/2Q ρ of ρ such that ϕλ,v is not compactly
supported on S/SL. If this is not the case, we may still produce ϕλ,v and
8By assumption, L admits an irreducible non-(Lθ, δQθχ|Lθ , λ)-supercuspidal represen-
tation; therefore, ZLL
θ\L must be non-compact. If the (θ, F )-split component SL of L
is a maximal (θ, F )-split torus in L, then CL(SL) = L and by [HW93, Proposition 4.7]
L has no proper θ-split parabolic subgroups. Moreover, if this is case, then SLL
θ\L, and
hence ZLL
θ\L, is compact by the Relative Cartan Decomposition [DS11].
9This relies on the fact that δQθ (`)
−1χ(`)−1 is nonzero for all ` ∈ Lθ.
10We can consider only ρ since ρ and δ
1/2
Q ρ act on the same vector space; moreover,
HomLθ (δ
1/2
Q ρ, δQθχ|Lθ ) can be identified with HomLθ (ρ, δQθ (δ−1/2Q χ)|Lθ ).
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a sequence {`n : ϕλ,v(`n) 6= 0} with non-compact image modulo SLLθ (and
modulo SGH), as above; the argument below to produce a non-compactly
supported λG-relative matrix coefficient ϕλG,fv of pi still goes through with
only a slight adjustment. In particular, one need only apply Lemma 3.1.7
instead of Corollary 3.1.8.
Proof of Theorem 3.1.3. Let Vρ be the space of ρ and identify Vρ with the
space of δ
1/2
Q ρ. Let pi = ι
G
Qρ and let Vpi be the space of pi. Let S be a maximal
(θ, F )-split torus S of L. As above, note that S is non-central in L. We show
that if δ
1/2
Q ρ admits a non-compactly supported (modulo ZLL
θ) λ-relative
matrix coefficient, then pi admits a non-compactly supported (modulo ZGH)
λG-relative matrix coefficient. In fact, our goal is to construct a vector
f ∈ Vpi such that the λG-relative matrix coefficient ϕλG,f is non-compactly
supported modulo ZGH. First, we will study an arbitrary λ
G-relative matrix
coefficient ϕλG,f . Let f ∈ Vpi and consider the λG-relative matrix coefficient
ϕλG,f ∈ C∞ω (G,H, χ). Using the definition of λG given in (1.5), we see that
for any ` ∈ L
ϕλG,f (`) = 〈λG, pi(`)−1f〉
=
∫
Qθ\H
〈λ, χ(h)−1[pi(`)−1f ](h)〉 dµ(h)
=
∫
Qθ\H
〈λ, χ(h)−1f(h`−1)〉 dµ(h)
=
∫
Qθ\H
〈λ, χ(h)−1f(`−1`h`−1)〉 dµ(h)
=
∫
Qθ\H
〈λ, χ(h)−1δ1/2Q (`−1)ρ(`−1)f(`h`−1)〉 dµ(h).
That is, for any element ` of L, we have
ϕλG,f (`) =
∫
Qθ\H
〈λ, δ1/2Q (`−1)ρ(`−1)χ(h)−1f(`h`−1)〉 dµ(h).(3.2)
If we can appropriately control the elements χ(h)−1f(`h`−1) ∈ Vρ, then the
integrand in (3.2) is essentially a λ-relative matrix coefficient of δ
1/2
Q ρ. We
will link the support of the λ-relative matrix coefficients of δ
1/2
Q ρ with the
support of the λG-relative matrix coefficients of pi, via the integral (3.2).
Let K be a compact open subgroup of G that has Iwahori factorization
with respect to Q = LU . Then the product map (in any order)
(L ∩K)× (U ∩K)× (Uop ∩K)→ K,
is bijective. Take a vector v ∈ Vρ such that the map given by
s 7→ 〈λ, δ1/2Q (s−1)ρ(s−1)v〉 = δ1/2Q (s−1)ϕλ,v(s), s ∈ S
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is not compactly supported on S modulo SL. Define fv ∈ Vpi to be zero off
of QK = Q(Uop ∩K) and such that fv(u¯) = v for u¯ ∈ Uop ∩K. Requiring
fv ∈ Vpi completely determines the function fv : G → Vρ. Now consider
the possible values of fv(`h`
−1). By construction, fv is zero unless `h`−1 ∈
Q(Uop ∩K). Suppose that `h`−1 ∈ Q(Uop ∩K). This occurs if and only if
h lies in
(`−1Q`)`−1(Uop ∩K)` = Q(Uop ∩ `−1K`),(3.3)
where the equality in (3.3) holds since ` ∈ L normalizes U and Uop. Write
h = qu¯ where q ∈ Q and u¯ ∈ Uop ∩ `−1K`. Since h is θ-fixed,
qu¯ = h = θ(h) = θ(q)θ(u¯),
where θ(q) ∈ Q and θ(u¯) ∈ Uop since both subgroups are θ-stable. The
product map (q′, u¯′) 7→ q′u¯′ on
L× U × Uop = Q× Uop → G
is one-to-one; therefore, θ(q) = q and θ(u¯) = u¯. It follows that h is equivalent
to u¯ in Qθ\H; moreover, `u¯`−1 ∈ Uop ∩K since u¯ ∈ (Uop ∩ `−1K`)θ and so
fv(`u¯`
−1) = v.
The compact open subgroup `−1K` also has Iwahori factorization with
respect to Q. In particular, the image of (`−1K`)θ in Qθ\H is equal to the
image of (Uop∩`−1K`)θ which is open and thus has positive measure. From
(3.2), integrating over the image of (Uop ∩ `−1K`)θ in Qθ\H, we obtain
ϕλG,fv(`) = 〈λG, pi(`−1)fv〉
=
∫
Qθ\H
〈λ, δ1/2Q (`−1)ρ(`−1)χ(h)−1fv(`h`−1)〉 dµ(h)
=
∫
Qθ\(Uop∩`−1K`)θ
〈λ, δ1/2Q (`−1)ρ(`−1)χ(u¯)−1fv(`u¯`−1)〉 dµ(u¯)
=
∫
Qθ\(Uop∩`−1K`)θ
χ(u¯)−1δ1/2Q (`
−1)〈λ, ρ(`−1)v〉 dµ(u¯)
= δ
1/2
Q (`
−1)ϕλ,v(`)
∫
Qθ\(Uop∩`−1K`)θ
χ(u¯)−1 dµ(u¯)
= c`,χ · δ1/2Q (`−1)ϕλ,v(`),
where
c`,χ =
∫
Qθ\(Uop∩`−1K`)θ
χ(u¯)−1 dµ(u¯).(3.4)
By assumption, χ is unramified11; therefore, χ is trivial on the compact
unipotent group (Uop ∩ `−1K`)θ.Thus, we have that c`,χ is nonzero and
equal to the volume µ(Qθ\(Uop ∩ `−1K`)θ) > 0 of Qθ\(Uop ∩ `−1K`)θ. It
11Ultimately, one would like to remove this assumption on χ; however, we need to
guarantee that c`,χ 6= 0 for ` ∈ S ⊂ L approaching S-infinity.
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is immediate that if the support of ϕλ,v on S/SL is non-compact then the
same holds for ϕλG,fv . In particular, by the assumption on ϕλ,v, there exists
a sequence {sn}n∈N approaching S-infinity such that ϕλ,v(sn) 6= 0, for all
n ∈ N. For this same sequence, we have that ϕλG,fv(sn) 6= 0, for every
n ∈ N. By Corollary 3.1.8, pi is not (H,χ, λG)-relatively supercuspidal. 
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